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The s teady-s ta te  veloci ty field of a vapor is  calculated and also the res is tance  force of a 
droplet in motion. This force is found to decrease  appreciably as  the evaporat ion rate in-  
c reases .  

We consider  a droplet  in a vapor s t r eam with the veloci ty u at  infinity. It is assumed that the droplet 
evapora tes  into a radial  spher ical ly  symmet r i ca l  vapor  s t r eam with the veloci ty w at the droplet  surface,  
so as to s imultaneously sat isfy the conditions ua << v and uwa 2 << u2 (a denoting the droplet  radius ~ denoting 
the kinematic viscosity).  The large difference between liquid and vapor  density, as  long as the p re s su re  
and the tempera ture  remain  far  f rom cr i t ical ,  allow us to d i s regard  the change in the droplet  radius within 
the region of the o rde r  of a(1 + wa/~) while the veloci ty field around the droplet becomes  steady. 

The flow of vapor around a droplet is descr ibed by the Navier--Stokes equation and the continuity 
equation, which are  well known [1] to yield an equation for  the flow function: 

R (O__T. 0 0~ ~ +2c tg0  0if_._ 2 .  0~_~ ],DW = D'~, 
r 2sinO \ d O  Or Or O0 Or r O0 ] 

whe re 

0 z sin 0 0 1 O wa 
D 2 = ~ §  , R = - - ,  

Or ~ r ~ O0 sin 0 00 v (1) 

1 0 ~  1 0 ~  
O r = - -  , g2 0 = . . . . . .  

r 2 sin 0 00 r sin 0 Or 

Here ~I, is a dimensionless  flow function, r is the dimensionless  distance f rom the center  of the drop-  
let, and v r, v0 are  components of the dimensionless  veloci ty in spher ical  coordinates  with the polar  axis 
in the direct ion of the s t r eam velocity at infinity u. In o rde r  to change to ord inary  dimensional quantities, 
it is  n e c e s s a r y  to replace r,  v r , v  0, and �9 by r / a ,  Vr/W, v0/w, and ~ / w a  2 respect ively.  

The boundary conditions are 

O~ ~ = - - c o s 0 , - - = 0  at r = l ,  
Or (2) 
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Equation (1) and the boundary conditions (2) allow us to seek the flow function in the fo rm 

~V (r, O) = - -  cos 0 + 8~ (r) sin20. (3) 

Then accura te ly  within e - o r d e r  t e rms ,  (1) and (2) yield 

~ = 0 ,  d~ = 0  at r 1, ~--+" 1 r2 . = - -  a t  f - - - ~  C O .  

dr 2 

(4) 
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F r o m  Eq. (4) we can obta in  

d 

dr 2 
r 2 ~ = Ar2E 

+) 
X 

Here  A = coas t .  The o the r  l i n e a r l y  independent  solut ion has  been d i sca rded ,  because  i t  l eads  to 
r - -  r 4 a t  r --" ~. 

Thus,  the solut ion to Eq. (5) with the c o r r e s p o n d i n g  bounda ry  condi t ions  b e c o m e s  

(5) 
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where  
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When R << 1, then funct ion ~b b e c o m e s  iden t i ca l  to the Stokes  solut ion [2] 

~ ( r ) =  ~ 1 - -  - - - [ -  1 - - - - +  
2r ~, 32 r r ~ 

a c c u r a t e l y  within R - o r d e r  t e r m s .  

When R >> 1, then d i s r e g a r d i n g  s m a l l  1 / R 2 - o r d e r  and e - R ' o r d e r  t e r m s  will  y ie ld  

whe re  

~p(r) = ~ r ~ -  1 - - r  ~ 1 + exp --  10 r a 
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E 1 (x) = i exp (--xt) ~ t  
1 

(6) 

(7) 

is) 

F r o m  (8) f o r  r >> R fol lows tha t  

1 r 2 ( 1  - R)  
~p(r)-- ~ -  r " (9) 

The flow funct ion ~ ( r ,  0) a c c o r d i n g  to (3) and (9) r e p r e s e n t s  a supe rpos i t i on  of the ve loc i ty  f ield due 
to a point  s o u r c e  on the ve loc i t y  f ie ld  of  a v i s cous  m e d i u m  f lowing a round  a sphere  of  r ad ius  Ra .  

Dur ing  a s low e v a p o r a t i o n  of  the d rop le t  (R << 1), a t r ans i t i on  to the ve loc i ty  of  a homogeneous  s t r e a m  
o c c u r s  within the r eg ion  r ~ 1, but  dur ing  a f a s t  evapo ra t i on  of  the d rop le t  (R >> 1) such a t r ans i t i on  o c c u r s  
within a much  l a r g e r  r eg ion  r "~ R and this  c a u s e s  a r educ t ion  in the fo rce  of v i s c o u s  f r ic t ion .  

Equa t ion  (4) fo l lows f r o m  Eq. (1), if one d i s r e g a r d s  t e r m s  of the o r d e r  e2~ 2 << 1. In o r d e r  tha t  the 
s a m e  b o u n d a r y  condi t ion at  r --~ ~ f o r  solving Eq. (1) could  a l so  be u s e d  fo r  solving Eq. (4), i t  i s  n e c e s s a r y  
to r e q u i r e  tha t  the condi t ion e r  2 << 1 be sa t i s f ied  ~ rt the reg ion  of  t r a n s i t i o n  to a homogeneous  s t r e a m .  At 
a f a s t  e v a p o r a t i o n  (R >> 1) with app rec i ab l e  i ne r t i a  t e r m s  in Eq. (1), t h e r e f o r e ,  i t  i s  n e c e s s a r y  that  the 
condi t ion eR 2 << 1 be sa t i s f ied .  

If  not ,  then the t r ans i t i on  to the e x t r e m e  mode of ve loc i t y  d i s t r ibu t ion  will  o c c u r  in the r eg ion  where  
an  incomple te  c o n s i d e r a t i o n  o f  i n e r t i a  t e r m s  in Eq. (1) m a y  not  be val id .  
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Fig. 1. Viscous r e s i s t a n c e  force  
as  a function of the evapora t ion  
r a t e ,  for  a drople t  in a vapor  s t r eam.  

Thus, we have 

V r - -  [(+) _ 1  + ~  F - - ~ 6  cosO, 
r~ ra 

[ F + - Fa si,0. 

The Nav ie r - -S tokes  equations with r e s p e c t  to a known veloc i ty  f ieId (10) yield the p r e s s u r e  f ield p 
of a med ium with a densi ty  p and a p r e s s u r e  P0 at  infinity 

Pw 2 2ri r 2 r3 \ R / 

+ 2 

H(x) f xE(x) dx=xM(1--2x)E(x) - x 4 dE(X)dx 
1/R 

(lO) 

(11) 

With the aid of f o r m u l a s  (10) and (11), we can now calculate  the r e s i s t a n c e  force  of a droplet  in a 
s t r e a m .  During sphe r i ca l ly  s y m m e t r i c a l  evapora t ion ,  obviously,  the r e s i s t ance  force  Q ac t s  in the d i r e c -  
tion of the s t r e a m  ve loc i ty  u. The pro jec t ion  of this force  Q on that ve loc i ty  u is  

Q = 2nan .I (-- P cos 0 + ~;~ cos 0 - -  g;o sin O) sin 0 dO, 
0 

where (12) 

Orr 
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Consequently,  

Q=8~pvau R[1- - (1  + R) e-Rl 
2 (1 + R) e -R + R~---2 

In the case  of a s lowly evapora t ing  drople t  (R << 1), 

Q= ( 1 - -  7-----R) Q ~  

(z3) 

(i4) 

where Q0 = 6~rpuau. 

The f i r s t  t e r m  of this exp re s s ion  is  ident ical  to the Stokes fo rmu la  [2] for  the r e s i s t a n c e  of a sphere  
in a v iscous  s t r e am .  

(15) 

In the case  of a f a s t  evapora t ing  droplet ,  

4 ( 1 §  2 \ 

The main  component  of the r e s i s t a n c e  force  i s  here  the p r e s s u r e  r e s i s t ance .  The resu l t an t  f o r ce s  
of the components  of the v i scous  s t r e s s  t enso r  a r e  exponent ia l ly  vanishing quanti t ies.  

These fo r m u l a s  (14) and (15) fo r  the r e s i s t a n c e  fo rce  in the e x t r e m e  ca se s  have been publ ished 
e a r l i e r  in [3]. 
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The re la t ion  Q/Q0 = f(R) is  shown in Fig. 1. A compar i son  with the Stokes fo rmula  indicates  that  
the r e s i s t ance  force  d e c r e a s e s  apprec iab ly  with f a s t e r  evaporat ion.  

Fo rmula  (13) for  the r e s i s t a n c e  force  yie lds  the following equation of motion for  a drople t  evapora t ing  
with spher i ca l  s y m m e t r y  in a med ium at  r e s t  f a r  f r o m  the droplet:  

R [1 - -  (1 -+- R) e-R] 
m dV,__~__ = mg - -  8~pvaV 2 (1 + R) e -R + R* - -  2 ' (16) 

4 
�9 m = - - ~ p ' a  8, 

3 

with m denoting the m a s s  of the droplet ,  V denoting the veloci ty  of the droplet  and g denoting the a c c e l e r a -  
tion of f ree  fall. 

During sphe r i ca l ly  s y m m e t r i c a l  evapora t ion  of a droplet ,  the m e a n - o v e r - i t s - s u r f a c e  veloci ty  of 
p a r t i c l e s  leaving the drople t  i s  equal  to the ve loc i ty  of the droplet .  

In this case ,  accord ing  to the Meshchersk i i  equation [4], the additional t e r m  Vdm/d t  does not ap p ea r  
in the equation of motion. 

If  the drople t  p a r t i c l e s  would leave the drople t  sur face  at  the ve loc i ty  of the ambien t  medium,  then 
the t e r m  Vdm/d t  would have to be added, in accordance  with the Meshchersk i i  equation. In view of this,  
we note that the equat ions of motion given in [5] for  an evapora t ing  drople t  a re  e r roneous .  

t i s  
Indeed, the m om en t um  of the en t i re  sys t em,  including the vapor  and the droplet ,  at  an ins tant  of t ime 

mY -t- J'pvsd3r, 

1, x > O ,  
s = O ( [ r - - i t [ - - a ) ,  O(x)= O , x < O ,  

with R denoting the rad ius  vec t o r  of the cen te r  of m a s s  of the droplet .  

A change in m o m e n t u m  of the s y s t e m  i s  equal  to the p r inc ipa l  vec to r  of ex te rna l  f o r c e s  act ing on the 
sy s t em,  which in this  case  of a drople t  amounts : to  the force  of g r av i t y  

d mV -~ d i' , - ~ -  ~ pvsd3r = rag. (17) 

The flow of vapor  i s  desc r ibed  by the Nav ie r - -S tokes  equations and the continuity equation, a c c o r d -  
ing to which 

d pv~s~r = ( - -pn~  @ aa~ n~) dS 
dt 

-- ~ pv~ ( v~n~-- Vr, n ~ -- "a) dS, 

with a denoting the unit vec t o r  no rm a l  to sur face  e l emen t  dS of the droplet .  Here and subsequently,  a 
repet i t ion  of subsc r ip t s  s ignif ies  a summation.  

By v i r tue  of the continuity of m a s s  flow through the drople t  sur face  

p (v~no - -  V~n~ --'a) = - -  p'a, 

and the l as t  in tegra l  can be e x p r e s s e d  as  

p'a f  ds- v. 
dt 

Thus,  for  sphe r i ca l ly  s y m m e t r i c a l  evapora t ion  of the droplet ,  f r o m  Eq. (17) with fo rmu la s  (12) and 
(13) follows Eq. (16). 

F r o m  the ca lcula ted  ve loc i ty  f ie ld one can obtain the concentra t ion o r  the t e m p e r a t u r e  dis tr ibut ion 
around an evapora t ing  droplet ,  in t e r m s  of the well known equation of convective diffusion. A solution of 
this  p r o b l e m  for  Pe  << 1 and Pl~e << 1 leads  to the following e x p r e s s i o n  for  the m e a n - o v e r - t h e - s u r f a c e  
Nnsse l t  n u m b e r  for  a sphere  
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2Pe-  [ l +  PP - ], 
1 - -  ~ - ~  2 (t  - -  e-P)~ ( 1 8 )  

with P and Pe  denoting r e s p e c t i v e l y  e i the r  wa/D and ua /D o r  wa/x and ua/X (here D is  the diffusivity and 
X i s  the t h e r m a l  diffusivity).  

When P << 1 a n d P e  << 1, then a c c u r a t e l y  within p 2 - o r d e r  t e r m s  (including PPe) ,  

Nu 2 - - P +  ~ P 2 + P e .  
6 

Compar ing  this exp re s s ion  with the one obtained e a r l i e r  in [6, 7] and given here  with the same a c -  
c u r a c y  

Nu = 2 - - P +  1___ p 2 + p e _  l_l__ppe, 
6 4 

we note that  there  is  no P P e - o r d e r  t e r m  in the f o r m e r .  This  is  a r e su l t  of e r r o n e o u s  choice of the flow 
function in [6, 7] as a superpos i t ion  of a point  source  on the Stokes solution r a t h e r  than on the solution to 
the app rop r i a t e ly  l inea r i zed  Nav ie r - -S tokes  equation (4) with convect ive t e r m s  r ep re sen t i ng  the rad ia l  
flow of vapor .  The expres s ion  fo r  the flow function used in [6, 7] i s  suitable if  only the f i r s t  t e r m s  of the 
Nu-number  expansion in t e r m s  of p a r a m e t e r s  P << 1 and Pe << 1 a r e  considered,  i . e . ,  suitable for  the 
calculat ion of heat  and m a s s  t r a n s f e r  f r o m  a s lowly evapora t ing  drople t  in a v iscous  s t r e a m ,  while fo rmula  
(18) cove r s  a wider  range which includes a fas t  evapora t ing  droplet  (P >> 1) in a slow s t r e a m  (Pe << l / P ) .  
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